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Abstract. We consider the displacement of an elastic material under an external
compression(axial or almost axial stress). We assumethat only one component of
the displacement is observed, in the direction of compression(axial displacement), or
alternativ ely, that two components are observed in a plane. These hypothesesare in
accordancewith an imaging modalit y, namely ultrasonic elastography.

In the caseof a homogeneousmedium we show that any value of Poisson'sratio
allowsto predict the observedvalueof the axial displacement. When two components of
the displacement are measuredin a plane, the Poisson'sratio of the plane strain model
that predicts the observeddisplacement is not the sameasthe tri-dimensional material.
Thesefacts are illustrated by numerical experiments in the caseof an inhomogeneous
medium. We also present results on experimental phantom data, where the inverse
problem of reconstructing the Young's modulus is solved assumingdi�eren t valuesfor
Poisson'sratio.
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1. In tro duction

Ultrasonic elastography is a medical imaging modality that provides the directional
displacement of a tissue under motion (Ophir et al 2002). The motion can either
be a quasi-static motion (Ophir et al 1991), or a time-dependent motion (Gao et al
1995,Tanter et al 2002). Sonogramsareacquiredat time intervalsand the displacement
of the tissue is estimated by cross-correlationalgorithms (Ophir et al 1991). When a
single transducer is used, the displacement in the direction of the transducer (axial
displacement) is known. When an array of transducersis used,the displacement along
the array is also available (lateral direction), see(Konofagou and Ophir 1998). The
displacement in the orthogonal direction (elevational motion) cannot be estimated at
present time.

The clinical applications of elastography rely on the fact that elastic properties of
tissuesprovide medical information: certain kinds of cancerstend to be sti�er than
the surrounding tissue(Garra et al 1997,Krouskop et al 1998,Souchon et al 2003),
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deepvein thrombosis tends to be sti�er when it ages(Emelianov et al 2002). Given
the motion of the tissue, a rough estimate of the sti�ness is the inverseof the strain
(Ponnekanti et al 1995),and a more preciseestimaterequiresthe useof inverseelastic
models (Kallel and Bertrand 1996).

Weaddressherequasi-staticelastography, wherethe externalcompressionis usually
in the axial direction. Most biologicaltissuesare incompressible,hencethe threecompo-
nents of the displacement u are related by: r � u = 0. On the other hand, the measured
displacements are partial displacements (we know only one or two components of u ).
The measuresare usually available in a plane,and a planestrain model (linear isotropic
elasticity) is often used to solve the inverse elasticity problem. However, the plane
strain assumptionrequiresthat the mediumis invariant and in�nite alongthe elevational
direction, or equivalently that it is invariant and clampedalongthe elevational direction.
In (Konofagou and Ophir 1998), the medium is con�ned in the elevational direction
and the two components of the displacement are used to estimate Poisson's ratio.
Unfortunately the elevational con�nement of the medium is not always easyto achieve.
The questionswe addresshereare: when the material is not con�ned in the elevational
direction, how does the axial displacement depend on Poisson'sratio ? What brings
the information that the tissue is incompressible? Does it help to use incompressible
plane strain models to identify the properties of the tissue(shearmodulus) in the case
the plane strain assumptionsare not met ?

Several works addressthe inverseproblem in static elastography. In (Kallel and
Bertrand 1996)the authors usea 2D simulation with a Poissonratio of 0:495and they
canidentify inclusionsin the domain. In (Doyley et al 2000),the simulations and inverse
problem on experimental data usea plane strain model with a Poissonratio of 0:495,
the phantom is constrainednot to move in the lateral faces(it is not the elevational
but the lateral facesthat are clamped, this is far from the plane strain assumptions),
and accurate values of the contrast are recovered. In (Oberai et al 2004), 2D and
3D simulations are performed with � � 0:4999995, and in the phantom experiment
the lateral facesare constrained,in (Doyley et al 2005) the simulations are performed
in 2D with � = 0:495 and during the in-vitro experiment, the facesof the phantom
seemto be free, in (Fehrenbach et al 2006) Poisson'sratio is 0:45 in the plane strain
simulation and in the in-vitro experiment, where the elevational facesof the phantom
are not constrained. All these studies report interesting results on the point of view
of identi�cation of the Young's modulus. It is surprising that a model (plane strain)
is applied in a situation where the hypothesesof this model are not met, and however
yields valuable results. Our contribution here is to explain why this abuseof the plane
strain model is not seriousin the caseof axial measurements. We also show what care
should be taken when processingdisplacement measurements in both the axial and
lateral directions.

Weassumein this work that the tissueis not constrainedin the elevational direction,
or equivalently that the stressis along the axial direction. We tackle two situations:
the �rst one is when only axial displacements are known. We show analytically (on a
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simple model) and numerically that the axial component of the solution of the direct
problem doesnot depend much on Poisson'sratio. The inverseproblem is alsostudied
on experimental data: the shearmodulus distribution estimatedby the inverseproblem
does not depend much on Poisson'sratio. The secondsituation is when both axial
and lateral displacements are known. In this case,a plane strain model is often used
to predict the displacement. However, the plane strain model assumesthat there is
no displacement in the elevational direction, this hypothesis is not ful�lled since the
elevational facesare left free. We study the e�ect of elevational motion: the Poisson's
ratio of the plane strain model is not the sameas the tri-dimensional tissuein order to
predict the samedisplacement. We study analytically a simple case,and numerically a
more realistic case.

This paper is organized as follows: in section 2 we present analytical results
for the forward problem. In section 3 a numerical experiment is performed with a
non-homogeneousphantom and the displacements are compared with displacements
predicted by plane strain models. In section 4 we present the results of the inverse
problem applied to experimental data with several valuesfor Poisson'sratio.

2. Analytical results

2.1. Direct problem

We model an experiment as follows: the domain 
 is a unit cube �lled with an elastic
material, the lower horizontal faceis perfectly lubricated and the upper horizontal face
is perfectly lubricated and moved downwards of a small amount � , see�gure 1. The
four other facesare free. In order to ensureuniquenessof the resulting displacement,
we alsoprevent horizontal translations and rotations.

x

x

x
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3

2

imaging plane

Figure 1. The model experiment.

The x1 axis is the axial direction, the x2 axis is the lateral direction and the x3

axis is the elevational direction. The axial facesof the cube are the facesorthogonal
to the x1 axis (top and bottom faceon �gure 1), the lateral facesof the cube are the
facesorthogonal to the x2 axis (right and left faceon �gure 1), and the elevational faces
are the facesorthogonal to the x3 axis (front and rear faceon �gure 1). The points of
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the cube are subject to a displacement u = (u1; u2; u3) and a stressdistribution � that
satisfy the following boundary conditions:

8
>>>><

>>>>:

u1(0; x2; x3) = 0;
u1(1; x2; x3) = � � ;
� n = 0 in the lateral and elevational faces;
� n is vertical in the axial faces:

(1)

Sinceno volume forcesare considered,the equilibrium equationswrite:

r � � = 0 in 
 : (2)

Hooke's law for a linear isotropic medium describes the relation between the
displacement and the stress�elds:

� =
E�

(1 + � )(1 � 2� )
r � u I +

E
1 + �

"(u ); (3)

whereI is the identit y matrix, " (u ) is the linearizedstrain tensor:

" (u ) =
1
2

(r u + r u T ); (4)

the space-dependent coe�cien t E is the Young's modulus and Poisson's ratio � is
assumedto be constant in the domain. The caseof an incompressiblematerial is a
limit caseof our model, since it is obtained by letting � ! 0:5. On the numerical
point of view, instabilities appear as � ! 0:5. However, it is shown in (Guillaume et al
2002) that the solution dependsanalytically on Poisson'sratio, henceit is continuous

as � ! 0:5. The incompressiblesolution is expressedin (Guillaume et al 2002)as the
sum of a power seriesof compressible(hencenumerically stable) solutions.

2.2. Homogeneous cube

If the material is homogeneous(the Young's modulus E is constant), the solution of
(1)-(3) is

u =

0

B
B
@

� x1

� � � x2

� � � x3

1

C
C
A ;

this expressionis still valid in the incompressiblecase. The �rst component of the
displacement doesnot depend on Poisson'sratio � , in other words:

all the valuesof � 2 [0; 0:5] give rise to the sameaxial displacement.

2.3. Inverse problemwith a plane image

The imaging region is the plane of equation x3 = 0, see�gure 1. We now assume
that in this plane the two components of the displacement are known: the observed
displacement is

u obs =

 
� x1

� � � x2

!

:
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Let us considera plane strain model in a squaredomain, for a homogeneousmedium
with Poisson'sratio � 0. Under the prescribed boundary conditions, the displacement is

u plane =

 
� x1

� � 0

1� � 0� x2

!

:

The value of � 0 that predicts the samedisplacement as u obs in the plane strain
approximation is de�ned by

� 0 =
�

1 + �
:

The di�erence betweenthesevaluescomesfrom the fact that in the model experiment,
the elevational facesare free to move, and in the plane strain model they are clamped
(or the material is in�nite in the elevational direction, which amounts the same). For
instance,in the caseof an incompressiblematerial, � = 0:5 and � 0 = 1=3.

We can say that

when an incompressible3D-medium is observed in 2D and the elevational faces
are left free, the observed displacement is not the displacement predicted by an
incompressibleplane strain model. It coincideswith the displacement predicted
by a plane strain model with a Poisson'sratio of 1/3. The di�erence is observed
on the lateral component of the displacement (along x2).

2.4. Caseof an almost axial stress

We considerhere the caseof an elastic material subject to an almost axial stress: we
assumethat the stresstensor is

� = � e1 
 e1 + o(� );

where (e1; e2; e3) is the orthonormal basis associated to the axes x1; x2; x3 and o(� )
is negligible compared to � . This is likely to occur in situations analogousto the
one described above, namely in caseof axial compression,when the other facesof the
material are left free, or when the other facesare subject to pressureforcesthat are
negligiblecomparedto the axial compression.

The Young's modulus distribution is E, and we study the e�ect of changing
Poisson'sratio on the solution. Let us consider two values of Poisson'sratio � 0 and
� , we denote"(� 0) and "(� ) the strain tensorsof the corresponding solutions. Hooke's
law 3 yields:

E"(� 0) = (1 + � 0)� � � 0 tr � I ;

and
E"(� ) = (1 + � )� � � tr � I :

The di�erence of theseequationsreads:

E("(� 0) � " (� )) = (� 0 � � )� � (� 0 � � ) tr � I

= � � (� 0 � � )(e2 
 e2 + e3 
 e3) + o(� ):
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This shows that Poisson'sratio hasa negligiblein
uence on the axial component of the
strain, henceit hasa negligible in
uence on the axial displacement.

3. Numerical results

We have shown analytically that the axial displacement under an axial compression
(other facesfree)doesnot dependon Poisson'sratio. This wasshown on a homogeneous
cubic phantom, and in the caseof an axial stress. We have also shown that when
observing a displacement in a plane, a 3D incompressiblemedium undergoes a 2D
displacement that doesnot comefrom an incompressiblemedium, rather from a medium
with Poisson'sratio 1=3. The generalcaseof a material with space-dependent Young's
modulus is hard to tackle analytically. In this section,weperform numericalexperiments
that tend to prove that the samephenomenastill hold.

3.1. Dependence of the axial component on Poisson's ratio

We considera cubic phantom with non-homogeneouselastic material. Poisson'sratio
is constant equal to � , and Young's modulus dependson the spacevariable as follows:
the phantom comprisesa hard cylindrical inclusion whereYoung's modulus is 3 times
higher that the background, and a hard ball where it is 10 times higher, see�gure 2.
The boundary conditions are still given by (1).

x

x
x1

3

2

Figure 2. The inhomogeneitiesfor the numerical experiment: the cylinder is 3 times
sti�er that the background, and the ball 10 times sti�er

A P1 �nite element method was implemented on a 1.5 MHz computer with
GetFem++(www-gmm.insa-toulouse.fr/g etf em/). The cube was discretized with
8339 points and 42709convexes. The displacement u (� ) = (u1(� ); u2(� ); u3(� )) was
computed for several valuesof the Poisson'sratio: � = 0:2; 0:35; 0:49; 0:4995. We show
on �gure 3 the axial, lateral and elevational displacements for � = 0:35, and on �gure
4 each component of the di�erence u(� = 0:35) � u (� = 0:4995). The axial component
hasnot a signi�cant variation, while the other components have a signi�cant variation.

We show in table 1, for each component (axial, lateral and elevational), the relative
di�erence of the displacements between� 0 = 0:35 and each other value of � .
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Figure 3. The three components of the displacement for � = 0:35: axial (left), lateral
(center) and elevational (right).

Figure 4. The di�erence of the displacements between� = 0:35 and � = 0:4995: axial
(left), lateral (center) and elevational (right) component

Table 1. Relative di�erence jjui (� ) � ui (� 0)jj=jjui (� 0)jj between the displacement
obtained for � and for � 0 = 0:35, for i = 1 (axial component), i = 2 (lateral component)
and i = 3 (elevational component).

axial lateral elevational

� = 0:2 0.005 0.412 0.433
� = 0:49 0.01 0.413 0.432
� = 0:4995 0.03 0.425 0.478

We observe from table 1 and �gure 4 that the axial displacement does not vary
signi�cantly asPoisson'sratio varies in a wide range[0:2; 0:4995]. On the contrary, the
lateral and elevational displacements depend heavily on Poisson'sratio. This con�rms
the results of sections2.2 and 2.4.

3.2. In
uenc e of Poisson's ratio on the lateral displacement

In this section we illustrate the fact that the lateral displacement of a plane strain
model dependson Poisson'sratio, and we show which value of Poisson'sratio predicts
a displacement closeto the displacement observed in the imaging plane.

We usea 3-dimensionalnumerical phantom similar to the onepresented in �gure 2,
exceptthe fact that it hasonly onehard cylindrical inclusion. The material is assumed
to be almost incompressible(� = 0:4995), and it is submitted to the sameboundary
conditions (1). We are given two components of the displacement in the imaging plane
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� of equation x3 = 0, see�gure 5:

u obs = (u1; u2) in � :

We want to �nd a plane material that givesrise to the same(plane) displacement �eld
under the sameboundary conditions, assuminga plane strain model, see�gure 6. The
shear modulus of the material is assumedto be known (it is the shear modulus of
the 3D material in the imaging plane), and we try several values for Poisson'sratio:
� = 0:2; 0:3; 0:32; 0:33; 0:35; 0:37; 0:4; 0:45 and 0:49. For each of these values, we
compute u plane(� ) = (uplane

1 (� ); uplane
2 (� )) the displacement predicted by a plane strain

model.

Figure 5. Axial (left) and lateral (right) displacements for the 3-dimensionalmedium
in the imaging plane �.

x2

1x

n

Figure 6. Left: the plane model: the shearmodulus is known and Poisson'sratio �
is a parameter ; center: axial displacement for the plane strain model for � = 0:33 ;
right: lateral displacement for the plane strain model for � = 0:33.

In order to �nd the valueof Poisson'sratio that predicts the observed displacement
u obs, weshow on �gure 7 the relativedi�erence betweenthe observedaxial (resp. lateral)
displacement, and the axial (resp. lateral) displacement predicted by the plane strain
model: jjuobs

i � uplane
i (� )jj=jjuobs

i jj .
The following observation canbemade: the planestrain model predictsan accurate

axial component for any value of � (the relative di�erence is of order of a few percents),
and it predicts an acceptablelateral component for valuesof � between 0.3 and 0.35
(the relative di�erence is of order 10-15%).This con�rms the result of section2.3.
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Figure 7. The relativedi�erence of the axial (circles) and lateral (squares)components
betweenthe observations uobs

i in the imaging plane and the plane strain model uplane
i

for di�eren t valuesof Poisson'sratio � .

4. Exp erimen tal results

4.1. Methods

An experiment wasperformedby A. Kumar (Houston) on a tissue-mimicking phantom
madeof gelatin-agar-water mixtures. The phantom was madeas a homogeneousblock
with a cylindrical inclusion running through the center. The background was prepared
by mixing 5% by weight gelatin and 3% by weight agar in de-ionizedwater at 80oC
(Kallel et al 2001). The cylindrical inclusion wasmadefrom reinforcedspongematerial
(Srinivasanet al 2004). Samplepiecesof the background and the inclusion were also
made simultaneously when the phantoms were prepared. These sampleswere tested
in a Nano-IndenterÒ XP platform (MTS SystemsCorporation, Oak Ridge, TN) to
determinetheir respective Young'smoduli. The procedureto usethe Nano-Indenter to
determine the modulus is described in detail in (Srinivasanet al 2004). An HDI 1000
(ATL-Philips Inc, Bothell, WA) US scanner,with a 128-element array, 5 MHz center
frequencyand a 60%fractional bandwidth was usedfor data acquisition, the sampling
rate was 20 MHz. The transducer was attached to a compressorplate. The axial
displacement was estimatedthrough cross-correlationof the pre- and post-compression
RF A-lines.

The inverseproblem was implemented to estimate the relative Young's modulus
from the axial displacement estimation. The implementation of this inverseproblem is
described in (Fehrenbach et al 2006). A plane strain model is used,for several values
of Poisson'sratio : � = 0:32; 0:37; 0:42.

4.2. Results

The estimationsof the Young'smodulus contrast areshown on �gure 8. The contrast of
the inclusion relatively to the background doesnot vary signi�cantly for these3 values
of � , it is between2 and 2.5 (this is to be comparedwith the results obtained by the
Nano-Indenter that givesa contrast of 2.1� 0.4). This is in accordancewith the results
of section2.4.
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Figure 8. The Young's modulus contrast estimated with a plane strain model for
di�eren t valuesof � : � = 0:32 (left), � = 0:37 (center) and � = 0:42 (right)

5. Discussion

We have studied the e�ect of Poisson'sratio � on the axial displacement in the case
of an axial (or almost axial) stress. The analytical study and the numerical results
show that Poisson'sratio has a very small in
uence on the axial displacement (direct
problem). It is therefore possibleto choose any plane strain model (incompressible,
almost incompressibleor compressible)to study the inverse problem. This explains
why inverseproblemsusingonly axial displacements give reasonnableanswerswhatever
value is chosenfor � . However, for numerical stabilit y reasons,it is not desirableto use
almost incompressiblemodels (locking phenomenamay appear).

When bidirectional displacements are measured(axial and lateral displacement),
the following was observed: when the lateral and elevational facesare free, or when
the stressis almost axial, the plane strain model that is closeto what is observed in
the imaging plane has a Poissson'sratio of � 0 =

�
1 + �

if the 3-dimensionalmaterial

has a Poisson'sratio of � . When the inverseproblem is tackled with a plane strain
approximation, it should not be adressedwith a Poisson'sratio of � , rather with the
apparent value � 0. In the caseof an incompressiblemedium, the apparent Poisson's
ratio (for the equivalent plane strain approximation) is 1/3.
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